A light cone efficiently transports, distributes, and concentrates the incoming radiation. I derive a formula for the spatial irradiance (or illuminance) distribution at the exit aperture of a tapered light pipe. The theory is demonstrated by Monte Carlo ray-tracing for lightpipes with light-emitting diodes at the input face. The analysis is based on the addition of the radiation patterns of the multiple virtual sources that, as in a threedimensional kaleidoscope, are seen through a tapered light tube. Given its explicit dependence on the structural and optical parameters, this analysis may be a useful tool in the development and application of light cones.
INTRODUCTION
In solid-state lighting, solar technology, and in other important fields a lightpipe is a very useful component [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Lightpipes or mixing rods are optical transmission elements that utilize reflection to reduce light losses and to distribute the radiation [12] [13] [14] . A tapered lightpipe also has the important property of concentrating light [12] [13] [14] . The input and output ends of a tapered rod have different sizes. If the output is larger than the input, a tapered lightpipe narrows the angular intensity distribution and increases the light-emitting area. In the opposite situation, when the exit aperture is smaller than the entrance, a tapered rod concentrates the light in a small illumination area and widens the angular intensity distribution. In this paper I focus on lightpipes whose exit face is larger than the entrance aperture.
In most applications a uniform illumination distribution is necessary [1, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] ]. To achieve a desired level of uniformity, several parameters of the mixing rod and the light source must be fitted. These tasks are usually performed via Monte Carlo ray-tracing, and most of the time the optimization is based on rules of thumb and designer experience. The optimization can be performed or assisted by analytic methods, because they provide a powerful conceptual framework and useful additional tools [2, 3, 8, [10] [11] [12] [13] [14] [15] [16] [17] . Calculating the output illumination distribution by means of a mathematical formula avoids the statistical noise of ray-tracing, and allows the calculation of derivatives and integrals. In this paper, I analytically compute the spatial irradiance distribution of a tapered lightpipe with rectangular cross section (Fig. 1) . The formulas are valid for both solid and hollow lightpipes. These equations may be a useful design tool for experts of different fields because light cones are easy to manufacture and suitable for many applications.
The first analytical treatment was reported by Chen et al. for a "straight" lightpipe with square cross section and with one point source in the middle of the input [17] . They viewed the lightpipe as a kaleidoscope, and they superimposed at the output sub-regions of the irradiance distribution that would be obtained without using a mixing rod. A similar approach is the "images method." If one looks through the lightpipe toward the light source, multiple images of the source can be observed as in a kaleidoscope. The "images method" adds the illumination distributions of the multiple virtual sources to calculate the output distribution of the mixing rod. The idea is equivalent to that of Chen et al., but facilitates some calculations. Recently, based on this idea, an analytic approach was reported by Cheng and Chern for a "straight" lightpipe with rectangular cross section and with multiple point sources at the entrance [11] . Moreover, they showed the wide range of design possibilities when the light source is an array of light-emitting diodes (LEDs). Just think about the millions of possible arrangements of images that can be seen through a kaleidoscope.
When using the images method, it is necessary to know the location of each virtual source. For a "straight" rod, these images spread over a plane (two-dimensional surface) [11] . However, for a tapered lightpipe the images distribute over a three-dimensional (3D) surface. This fact immediately provokes a question: what is the shape of this mesh of virtual sources?
The images are produced by the lightpipe walls, which behave as mirrors. The multiple images seen between two mirrors that sit at an angle to each other lie over a circle [18] . Using a tunnel diagram [13] , it is easy to show that the center of that circle is located at the imaginary intersection of the mirrors. A tapered lightpipe can be viewed as an assembly of four mirrors, in which each pair sits an angle to each other. Therefore, a 3D tunnel construction shows that the array of images lies over a sphere (Fig. 2) . The center of the sphere is at the virtual intersection of the four walls of the lightpipe. If the cross section is not a square but a rectangle, images spread over a section of a torus [ Fig. 2(c) ]. A toroidal surface has two radii of curvature. Each of these centers of curvature is located in the virtual intersection of each pair of lightpipe walls. In the simplest case, when two of the walls are parallel, the virtual images rest on a cylinder (a limiting case of a torus).
ANGULAR POSITION OF VIRTUAL IMAGES
For implementing the images method, it is necessary to know the location of each virtual source. The exact position of the images in a "straight" lightpipe is a multiple of the distance between the source and each wall, i.e., the ijth image along x and y directions is located at [11, 17] 
where a and b are the width and height of the tube cross section, respectively. ͑x s , y s ͒ are the Cartesian coordinates of the sth light source. However, because the walls of a tapered lightpipe are inclined, this task is simplified by using angles instead of distances. The images are shifted at a multiple of the angle between the light source and each wall. In other words, the ijth image is displaced along x and y directions [ Fig. 3(a) ] by
where ͑x s , y s ͒ are the Cartesian coordinates of the sth source [ Fig. 3(b) ]. R x and R y are the two radii of curvature of the array of images from a source in the middle of the entrance (x s =0, y s = 0), and along x and y directions, i.e.,
All these coordinates and parameters are illustrated in Fig. 3 . ⌬ x and ⌬ y are the angles between each pair of walls along x and y directions, respectively, i.e., ⌬ Fig. 3(c) ]. The notation used in the paper is listed in Appendix A. The Cartesian coordinates of the ijth image are deduced by using a 3D tunnel diagram. It must be noted that each pair of mirrors not only rotates every image through a circle, but also rotates the images of the other (perpendicular) pair of mirrors. This key point indicates that, in general, the image placement is not the result of a simple rotation along the x and y axes. It is the result of consecutive rotations along rotated axes. Therefore, the Cartesian coordinates of the ijth image are obtained by using spherical trigonometry. These coordinates are introduced in the next section after the irradiance formula.
IRRADIANCE SPATIAL DISTRIBUTION
The output irradiance or illuminance (W / m 2 or lm/ m 2 ) is the power distribution that illuminates the exit face of the lightpipe [ Fig. 3(b) ]. To compute the output irradiance, I model the lightpipe as an array of light sources composed of real and virtual emitters. In this way, the irradiance distribution E L is the superposition of irradiances due to each real and image source, i.e., it is the sum of the irradiances due to the "sources" that are visible from the output:
͑2͒
As usually happens with LEDs the source size is small, and the spatial irradiance distribution of each source can be approximated by [19, 20] 
It is the irradiance over every point ͑X , Y͒ on a plane at distance Z from the light source. Angle s is the view angle of the source, subtended by an illuminated point ͑X , Y͒. Here I s ͑͒ is the radiant (or luminous) intensity (W/sr or lm/sr) of the source, which can be easily modeled and measured for most LEDs [19, 20] . If the intensity is simulated with cosine functions (e.g., I s ͑͒ = I 0 cos for Lambertian LEDs), it must be made zero at angles larger than 90°. For example, I s ͑͒ = I 0 ͑͒cos for Lambertian LEDs, where I 0 ͑ ഛ 90°͒ = I 0 and I 0 ͑ Ͼ 90°͒ = 0. In addition, note that a lightpipe with an extended light source in the input can be simulated if an appropriate source model is used instead of Eq. (3). If a light source is located in ͑x s , y s , z s ͒, or in general if the ijth image of the sth source is located in ͑x sij , y sij , z sij ͒, E s must be shifted, i.e., E s ͑x − x sij , y − y sij , z − z sij ͒. This is the irradiance over every point ͑x , y͒ on the output plane at distance z from the lightpipe input due to a source located in ͑x sij , y sij , z sij ͒. The same shift happens with the view angle, i.e., s ͑x − x sij , y − y sij , z − z sij ͒. For simplicity of notation I write it as sij ͑x , y , z͒; the particular value s͑−1͒0 is shown in Fig. 3(a) . In general, this angle is 
Here r ជ is the location vector of the output point ͑x , y , z͒, r ជ sij is the location vector of the ijth image of the sth source, and n ជ ij is the normal vector of the ijth image of the input plane. If the array of images is a sphere of radius R, Eq. (4) can be simplified to sij ͑x,y,z͒
where ͑x 0ij , y 0ij , z 0ij ͒ is the location of the ijth image of a source located in the center of the input face (x s =0, y s =0), and R = ͓dH / ͑D − d͔͒ for a square cross section lightpipe. For Eq. (5), the origin of the coordinate system is located at the center of the entrance [ Fig. 3(a) ].
On the other hand, if the array of images is a cylinder of radius R, Eq. (4) becomes-if the cylinder axis is along the y-directionsij ͑x,y,z͒ = arccos ͫ
and if the cylinder axis is the x axis sij ͑x,y,z͒ = arccos ͫ
Here ͑x 0i , y 0j , z 0i ͒ and ͑x 0i , y 0j , z 0j ͒ are the location coordinates of the ijth image of a central source (x s =0, y s =0) in Eqs. (6a) and (6b), respectively.
Let me now turn to the equations of irradiance distribution for the three basic lightpipe geometries: square cross section (sphere of images), rectangular cross section (torus of images), and (when two walls are parallel) cylinder of images. I begin with the simplest case, a lightpipe with only two tapered walls.
A. Two Walls are Parallel: Cylinder of Images
If only two walls are tapered it means that d x = D x or d y = D y . As I explained before, a 3D tunnel construction shows that the array of images lies over a cylinder.
The output irradiance distribution E L is the superposition of irradiances due to each source, and virtually due to each image. Therefore, for an array of K sources in the input, the irradiance distribution at the lightpipe output is,
For simplicity, the origin of the coordinate system is placed at the center of the input face [ Fig. 3 the view angle sij is given by Eq. (6a) or (6b). The irradiance of each image is weighted by the ͉͑i͉ + ͉j͉͒th power of the reflectivity of the side walls of the lightpipe. For hollow lightpipes this is the reflectivity of the metal coating, which in the case of aluminum is about 90% in the visible spectrum. For solid lightpipes, the reflection is mostly determined by total internal reflection, which is for practical purposes 99.9% [7] . However, the reflectivity can be low near the lightpipe input because the angle of incidence of rays at the walls close to the source can be smaller than the critical angle. This can be avoided by adding a reflecting coating in one small part of the walls, close to the input. The Cartesian coordinates of the ijth image of the sth light source are,
͑9͒
Here R sx = ͑x s 2 + R 2 ͒ 1/2 and R sy = ͑y s 2 + R 2 ͒ 1/2 . The angular coordinates ␣ si and ␣ sj are given by Eq. (1), with R x = R or R y = R.
In order to close this section, Eq. (7a) is used in the examples illustrated in Figs. 4 and 5 . These figures show the irradiance distribution at the output of a hollow tapered rod with parameters: Figure 4 is for a lightpipe with one Lambertian LED located at the center of the input face, i.e., in (x s =0, y s = 0). For illustrative purposes, we model the LED as a point source, i.e., we use Eq. (3) For a cylinder of images the solution was relatively easy, but the square cross section adds an additional complication. As an observer views the sphere of images through the lightpipe, each image can be seen only through a specific wall or through a group of virtual walls. The result is a set of windows allowing visualization of each image source rather than a virtual space freely showing all image sources (see Fig. 6 ). The problem is that the exact position of every source depends on the observation point. Even more, at particular places some image points are not visible from the output. The exact solution seems to be complex. To overcome such difficulty, I simplify this multiple window effect by taking into account only the main windows, i.e., by considering only the four real walls instead of all virtual walls.
As stated before, the output irradiance distribution is the sum of the irradiance distribution from each image source. Now, the array of virtual sources is partitioned into two sub-arrays and their contributions are added separately. The idea is that a pupil function W simulates the window effect for the four lateral walls.
Therefore, for an array of K sources in the input, the irradiance distribution at the lightpipe output ͑z = H͒ is 10) is very accurate when the source is placed near the optical axis [ Fig. 7(a) ], but it is not exact when the light source is near a corner [ Fig. 7(d) ]. The accuracy in the cor- ners can be improved if the effect of secondary windows is incorporated in the model (a task that opens a challenge for further research). Parameters in Fig. 8 are: d =3, D =6, H = 18, = 0.9. This figure shows the effect of many windows because the lightpipe is long, and so many images are generated. It can be seen that secondary virtual windows are responsible for fine details in the irradiance pattern.
C. Rectangular Cross Section: Torus of Images
The shape of the input and output faces is rectangular if d x d y and D x D y . For this lightpipe geometry the array of source images is a torus [ Fig. 2(c) ].
As I explained in Subsection 3.B, there is a set of windows limiting the visualization of each image source. Once again, to overcome such difficulty, the multiple window effect is simplified by taking into account only the main windows, i.e., by considering only the four real walls instead of all virtual walls.
The output irradiance distribution is the sum of the irradiance distribution from each image source. Once more, the array of virtual sources is partitioned into two subarrays and their contributions are added separately. A pupil function W simulates the window effect for the four windows. Therefore, for an array of K sources in the input, the irradiance distribution at the lightpipe output ͑z = H͒ is
Note that this function is in fact Eq. 
where X1 0ij = x1 0ij − ͑R x − R y ͒sin ␣ 0i , Y1 0j = y1 0j , and Z1 0ij = z1 0ij + R x − ͑R x − R y ͒cos ␣ 0i . Here ͑x1 0ij , y1 0j , z1 0ij ͒ is the location of the ijth image (through the window pair 1) of a source located in the center of the input face (x s =0, y s = 0). Similarly, the view angle for sub-array 2 is sij ͑x,y,z͒ = arccos ͫ where X2 0i = x2 0i , Y2 0ij = y2 0ij − ͑R y − R x ͒sin ␣ 0j , and Z2 0ij = z2 0ij + R y − ͑R y − R x ͒cos ␣ 0j .
The irradiance of each image is weighted by the ͉͑i͉ + ͉j͉͒th power of the reflectivity of the side walls of the lightpipe. Term h ij is a simple function that helps to make Eq. (15) compact; it is h 00 =1/2 and h ij = 1 for all other values of ij.
The coordinates of the ijth image of the sth light source that are seen along the x-direction through the pair 1 of walls are
and along the y-direction, through pair 2 are Window functions are defined as:
where
͑19͒
Here C i = 0. 
SUMMARY
In summary, I derived a formula for the irradiance distribution of a tapered lightpipe that explicitly depends on the structural and optical parameters. Three equations are reported for the three possible lightpipe geometries: square cross section, rectangular cross section, and two parallel walls. These formulas were obtained by adding the radiation patterns of the multiple virtual sources that, as in a kaleidoscope, are seen through the lightpipe. The analysis was verified by Monte Carlo ray-tracing.
Further research and applications of this analysis include: (A) A study of tapered lightpipes with polygonal cross sections, e.g., a hexagonal cross-section. (B) Determination of a precise formula, when the source is located in the corner, by considering secondary windows. (C) Optimization of illumination uniformity and color mixing, e.g., by finding the optimal source locations when using an array of LEDs as the primary source. A simple optimization method can find the illumination uniformity condition of a spherical array of LEDs [21] . (D) A tolerance analysis, e.g., the effect of variations in the radiation pattern shape of the light source [22] . (E) Analysis of "smart" lightpipes using LED arrays. There are millions of possible irradiance patterns that can be adaptively generated by individually modulating each LED [23] . (F) Analysis of a solar concentrator, i.e., a tapered lightpipe with the output face smaller than the input face. In this case the virtual sources point toward the center of the locus of images (cylinder, sphere, or torus), and then a different derivation is required, e.g., changing the signs of some equations is necessary. 
APPENDIX A: NOTATION

APPENDIX B: NUMBER OF VISIBLE IMAGES
Not all image sources are visible from the lightpipe output. Only a finite number of images must be considered in the equation for the irradiance spatial distribution. I outline the derivation of such a number in this appendix. In Eqs. Parameter N ±x is the number of images that are visible along the ±x direction from the lightpipe output, and N ±y along the ±y direction. Two considerations must be made to calculate the number of images: (a) The output point ͑x , y͒ that can see the farthest image is at one side, i.e., the point ͑x = ±D x /2,y =0͒ along the x-direction, and ͑x =0,y = ±D y /2͒ along the y-direction. (b) The view angle of the last visible image must be less than 90°, i.e., sij Ͻ 90°. These considerations are illustrated in Fig. 10 for the plane xz. Using Eq. (1), the angle ␣ sN +x along the x-direction is
Consideration (b) means that ␣ sN +x Ͻ ␣ x , which leads to
Because ␣ sN +x is an upper limit, then ␣ s͑N +x +1͒ Ͼ ␣ x , which leads to
And equivalent inequalities can be deduced for N −x . Finally, again using Eq. (1), for angle ␣ s0 it can be noted that ␣ s0 Ͻ⌬ x / 2, which leads to
After some algebra with these inequalities, it can be deduced that the number of visible images is given by Integer͓Q͔" is the lower integer part of Q; e.g., Integer͓7.8͔ =7. "Round͓Q͔" is Q rounded to the nearest integer. R x is the curvature radius along the x-direction, and R y along the y-direction. I verified Eqs. (B1) and (B2) with many numerical computations. Subsection 3.A includes an additional parameter for the number of visible images through the pair of parallel walls. In theory N is infinitum, but for practical purposes it must be finite. As stated in Section 3, the irradiance due to each image is weighted by the ͉͑i͉ + ͉j͉͒th power of the reflectivity of the side walls of the lightpipe. Therefore, I define N as that number that weights the irradiance by a 
